Let R be a ring and σ an endomorphism of R. In this note, we study skew polynomial rings and skew power series rings over idempotent reflexive rings and abelian rings. Also, we introduce the concept of σ-right (resp., left) idempotent reflexive rings which generalizes right (resp., left) idempotent reflexive rings and σ-abelian rings. Certain results are obtained as corollaries from our results and many examples are given to illustrate and delimit the context.
Introduction
Throughout this paper, R denotes an associative ring with unity. Let Id(R) be the set of all idempotent elements of R. A ring R is called abelian if all idempotent of it are central (i.e., re = er for all r ∈ R and e ∈ Id(R)). Following Hashemi and Moussavi [4] , a ring R is σ-compatible if for each a, b ∈ R, aσ(b) = 0 if and only if ab = 0. Agayev et al. [1] , introduced σ-abelian rings as a generalization of abelian rings. A ring R is called σ-abelian if it is abelian and σ-compatible. A left ideal I is said to be reflexive [10] , if aRb ⊆ I implies bRa ⊆ I for a, b ∈ R. A ring R is called reflexive if 0 is a reflexive ideal. The reflexive property for ideals was first studied by Mason [10] , this concept was generalized by Kim and Baik [6, 7] , and they introduced the concept of idempotent reflexive right ideals and rings. A left ideal I is called idempotent reflexive [6] , if aRe ⊆ I implies eRa ⊆ I for a, e = e 2 ∈ R. A ring R is called idempotent reflexive if 0 is an idempotent reflexive ideal. Also, there is an example of an idempotent reflexive ring which is not reflexive [6, Example 5] . Kwak and Lee [8] , introduced the concept of left and right idempotent reflexive rings. A ring R is called right idempotent reflexive if aRe = 0 implies eRa = 0 for a, e = e 2 ∈ R. Left idempotent reflexive rings are defined similarly. If a ring R is left and right idempotent reflexive then it is called an idempotent reflexive ring.
It can be easily checked that every reflexive ring is an idempotent reflexive ring. Abelian rings (i.e., its idempotents are central) are idempotent reflexive and hence semicommutative rings are idempotent reflexive since semicommutative rings are abelian. For a subset X of R, r R (X) = {a ∈ R|Xa = 0} and ℓ R (X) = {a ∈ R|aX = 0} will stand for the right and the left annihilator of X in R respectively.
For an endomorphism σ of a ring R, a skew polynomial ring (also called an Ore extension of endomorphism type) R[x; σ] of R is the ring obtained by giving the polynomial ring over R with the new multiplication xr = σ(r)x for all r ∈ R. Also, a skew power series ring R [[x; σ] ] is the ring consisting of all power series of the form
, which are multiplied using the distributive law and the Ore commutation rule xa = σ(a)x, for all a ∈ R.
In this paper, we study skew polynomial rings and skew power series rings over idempotent reflexive rings and abelian rings. Also, we used the idea of Agayev et al. [1] to introduce the concept of σ-right (resp., left) idempotent reflexive rings which is a generalization of right (resp., left) idempotent reflexive rings and σ-abelian rings. Agayev et al. [1] , studied abelian and σ-abelian properties on skew polynomial rings. Also, Kwak and Lee [8] , investigated reflexive and idempotent reflexive properties on ordinary polynomial extensions. In this note, we continue studding abelian and idempotent reflexive properties on skew polynomial and skew power series extensions. For a ring R satisfying the condition " σ(Rf ) ⊆ Rf " for any f 2 = f ∈ R, we show that:
1. If ee 0 = e for any e 2 = e ∈ R[x, σ] with e 0 ∈ R the constant term of e. Then R is abelian (resp., right idempotent reflexive, left idempotent reflexive, idempotent reflexive) if and only if R[x; σ] is abelian (resp., right idempotent reflexive, left idempotent reflexive, idempotent reflexive). 
If
Assume that e(x)R[x, σ]f (x) = 0, then e(x)Rf (x) = 0. Thus for any b ∈ R, we have the following system of equations.
. Let s ∈ R and take b = e 0 s in equation (1) . Then e 0 sf 1 + e 1 σ(e 0 sf 0 ) = 0, but f 0 ∈ r R (e 0 R). So e 0 sf 1 = 0, hence f 1 ∈ r R (e 0 R). Now, in equation (2), take b = e 0 s for each s ∈ R. Then e 0 sf 2 + e 1 σ(e 0 sf 1 ) + e 2 σ 2 (e 0 sf 0 ) = 0, since f 0 , f 1 ∈ r R (e 0 R) so e 0 sf 2 = 0. Hence f 2 ∈ r R (e 0 R). Continuing this procedure yields f i ∈ r R (e 0 R) for all
On the other hand,
With the same method as above, we obtain
For the case of skew power series rings, an argument similar to the above one yields the following. Following Agayev et al. [1] . A ring R is called σ-abelian if it is abelian and σ-compatible. In the next, we use the same idea to introduce σ-idempotent reflexive rings as a generalization of idempotent reflexive rings and σ-abelian rings. Definition 1. Let R be a ring and σ an endomorphism of R.
(1) R is called σ-right (resp., left) idempotent reflexive if it is right (resp., left) idempotent reflexive and σ-compatible.
(2) R is called σ-idempotent reflexive if it is idempotent reflexive and σ-compatible.
A ring R is right (resp., left) idempotent reflexive if R is id R -right (resp., left) idempotent reflexive, where id R denotes the identity endomorphism of R. We can easily see that σ-abelian rings are σ-idempotent reflexive. Also, note that if R is σ-compatible then σ(e) = e for all e ∈ Id(R).
, where Z 4 is the ring of integers modulo 4. Let σ an endomorphism of R defined by
The ring R is abelian so it is right and left idempotent reflexive. Also, R is σ-compatible. Thus R is σ-right (left) idempotent reflexive.
We can find a right idempotent reflexive ring such that its polynomial extension R[x] so is. In the next, we show under some conditions that if R is right (resp., left) idempotent reflexive then so is for its skew polynomial and skew power series extensions.
Proposition 3. Let R be a ring and σ an endomorphism of R such that R is σ-compatible. f 0 be 0 = 0 (0)
· · · Equation (0) yields f 0 ∈ ℓ R (Re 0 ). In equation (1) Proof. This is an immediate consequence of Proposition 3.
Abelian property
From the next lemma, we can see that σ-abelian rings are strictly included in the set of the rings satisfying the conditions σ(Re 0 ) ⊆ Re 0 and ee 0 = e for any idempotent e ∈ R[x, σ] or e ∈ R[[x, σ]] with e 0 ∈ R is the constant term of e (see Example 3). On the other hand, from e 2 = e we have the following system of equations, we will freely use the fact that e 0 is central and R is σ-compatible. e 0 e 1 + e 1 σ(e 0 ) = e 1 (1)
e 0 e 2 + e 1 σ(e 1 ) + e 2 σ 2 (e 0 ) = e 2 (2)
Multiplying equation (1) on the left by e 0 to obtain e 0 e 1 σ(e 0 ) = 0, then e 0 e 1 = e 1 e 0 = 0. By equation (1), we have e 1 σ(e 0 − 1) = 0, so e 1 (e 0 − 1) = 0, which gives e 0 e 1 = e 1 = 0. Multiplying equation (2) on the left by e 0 to get e 0 e 1 σ(e 1 ) + e 0 e 2 σ 2 (e 0 ) = 0, but e 1 = 0 so e 0 e 2 σ 2 (e 0 ) = 0, also e 0 e 2 e 0 = 0 then e 0 e 2 = e 2 e 0 = 0, which gives e 2 σ 2 (e 0 ) = 0 and so e 2 = 0, then e 2 = 0. Continuing this procedure yields e i = 0 for i = 0, 1, · · · , n. Thus e = e 0 ∈ R. . But e ∈ Id(R).
According to Kanwara et al. [5, Corollary 6] , a ring R is abelian if and only if R[x] is abelian. In the next, we give a generalization to skew polynomial rings and skew power series rings.
Proposition 4. Let R be a ring and σ an endomorphism of R such that σ(Re) ⊆ Re for any e 2 = e ∈ R.
. . .
e 0 e n + e 1 σ(e n−1 ) + · · · + e n σ n (e 0 ) = e n (n)
On the other hand, ee 0 = e implies e i σ i (e 0 ) = e i for all i = 1, 2, · · · , n. From equation (1), we have e 0 e 1 = 0 because e 1 σ(e 0 ) = e 1 . Also, equation (2) implies e 0 e 2 + e 1 σ(e 1 ) = 0 because e 2 σ 2 (e 0 ) = e 2 , since e 1 = e 1 σ(e 0 ), then e 0 e 2 + e 1 σ(e 0 e 1 ) = 0, hence e 0 e 2 = 0. Continuing with the same manner to get e 0 e i = 0 for all i = 1, 2, · · · , n. Since σ(Re 0 ) ⊆ Re 0 , we have σ i (e 0 ) = σ i (e 0 )e 0 for all i = 1, 2, · · · , n. Then e i σ i (e 0 ) = e i becomes e i σ i (e 0 )e 0 = e i , so e 0 e i σ i (e 0 ) = e i for all i = 1, 2, · · · , n because e 0 is central. Hence e i = 0 for all i = 1, 2, · · · , n. Therefore e = e 0 ∈ R and so Id(R[x, σ]) ⊆ Id(R). In particular R[x, σ] is abelian.
(2) The same method as in (1).
Corollary 2. Let R be a ring and σ an endomorphism of R such that σ(Rf ) ⊆ Rf for any f 2 = f ∈ R.
1. If ee 0 = e for any e 2 = e ∈ R[x, σ] with e 0 ∈ R the constant term of e. Then R is abelian if and only if R[x, σ] is abelian. In the next, we will give an example of a ring R and an endomorphism σ of R such that for any idempotent e = n i=0 e i x i ∈ R[x, σ], we have σ(Re 0 ) ⊆ Re 0 and ee 0 = e, however R is not σ-abelian.
Example 3. Let K be a field and R = K[t] a polynomial ring over K with the endomorphism σ given by σ(f (t)) = f (0) for all f (t) ∈ R. Since R is commutative then it is abelian.
(1) R is not σ-abelian. Take f = a 0 + a 1 t + a 2 t 2 + · · · + a n t n and
Therefore R is not σ-compatible. We can find an abelian ring R, an endomorphism σ of R and an idempotent e ∈ R[x, σ] such that ee 0 = e but e ∈ R. Note that R[x, σ] need not to be abelian whenever R is abelian. Example 6. Consider the ring R = a t 0 a | a ∈ Z , t ∈ Q , where Z and Q are the set of all integers and all rational numbers, respectively. The ring R is commutative then it's abelian, let σ : R → R be an automorphism defined by σ a t 0 a = a t/2 0 a . 
